ABSTRACT. Free oscillation period of the Duffing oscillator with cubic non-linearity was examined. A comparison between the exact period and those obtained by the asymptotic an<l the harmonic balance methods was done. It was shown that the reimlts given by the harmonic balance are acceptable even for large oscillations whereas the asymptotic method can only be applied for small oscillations.
Introduction
The perturbation methods (the Poincare, the asymptotic and the multiple scale methods) can only be applied to weakly non-linear systems. This well-known remark has been verified in [1] through a comparison between the exact free oscillation period of the Duffing oscillator (1.1) and that given by the Poincare method.
The present article deals with the same question but for the asymptotic and the harmonic balance methods; the latter is often used for studying strong non-linear systems although its accuracy needs to be carefully examined. It will be shown that, for large oscillations, the results obtained from the asymptotic method are to be rejected whereas those of the harmonic balance method are acceptable. § 1. The system under consideration and the exact period Consider the Duffing oscillator described by the differential equation:
where x is an oscillatory variable, overdots denote the derivatives with respect to time t; 1 is the linear frnquency; c is a positive parameter.
The free oscillation with the init!ial conditions As well-known, the asymptotic method [3] can only be applied if c is small enough. Here, to make necessary comparison, the asymtotic period is given for arbitrary £. The expansion of the asymptotic solution is of the form:
where: a is the amplitude of the first harmonic; 'I/; is the phase angle; w is the frequency to be calculated; ui(a, 'I/; Note that, corresponding to the solutions x 1 , x1*, x 2 , the initial abscissa x 0 can be expressed as:
Hence, the formulas of the periods are:
-for the first approximation solution:
-for the refinement of the first approximation sohition Since x 0 = a, the period of the one-component solution is given by:
where A = ca 2 = cx6 = Ao.
The two-component solution is:
where: a = const, b = const, w = const tq be calculated. Again, substituting (3.4) into (1.1) and vanishing the terms coswt , cos3wt we
Letting b = /3a, we rewrite (3.5) as:
Since xo =a+ b = a(l + /3), the relation between A= ca 2 and Ao= cx6 is:
Hence, the equation (3.7) can be rewritten as: A;nother remark: for small oscillations, the asymptotic solution is acceptable and the second approximation T 2 is more accurate than the first ones (T 1 and T1*); for large oscillations, as well-known the conclusion is the reverse and the second approximation becomes irrational (T 2 -oo as A 0 -A 0 * ~ 13.44659 and T 2 < 0 as Ao> Ao*).
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